The simplicity of the Morris-Thorne wormhole spacetime permits us to determine null and timelike geodesics by means of elliptic integral functions and Jacobian elliptic functions. This analytic solution makes it possible to find a geodesic which connects two distant events. An exact gravitational lensing, an illumination calculation, and even an interactive visualization become possible.
I. INTRODUCTION
The notion of a wormhole was first introduced in 1962 by John Wheeler [1] who reinterpreted the Einstein-Rosen bridge [2] as a connection between two distant places in spacetime with no mutual interaction. However, he realized together with Robert Fuller [3] that this Schwarzschild wormhole cannot be traversed even by a single particle. In 1988, Michael Morris and Kip Thorne [4] presented the most simple metric which serves as a wormhole that could in principle be traversed by human beings. [5] From that time on, there are a lot of publications which suggest new types of wormholes, see e.g. [7] [8] [9] [10] [11] [12] [13] . But all of them have in common that they violate the weak energy condition. For a detailed discussion see, for example, Visser [14] .
One of the difficulties in curved spacetimes is to find a geodesic which connects two distant events. The common astrophysical application is the gravitational lensing of a distant object by means of a very massive object like a galaxy or a black hole. Here, the null geodesics connecting the distant object with the observer are searched. In the case of the Schwarzschild spacetime, Frittelli et al [15] construct the exact lens equation. A short discussion of gravitational lensing by wormholes can be found in Cramer et al [16] or Nandi et al [17] . A detailed review of gravitational lensing in curved spacetime with several examples is given by Perlick [18] .
In general, there is no mathematical procedure which could find a geodesic in a four-dimensional spacetime connecting two events in a reasonable time. The shooting method [19] might be applicable in a two-dimensional problem. Another possibility would be the precalculation and tabulating of geodesics. But the disadvantage of this method is the extreme amount of data which must be searched. Furthermore, the ambiguity which appears when connecting two events drastically complicates the solution. The only practical method is, so far as it exists, to use the analytic solution of the geodesic equation.
In contrast to the Schwarzschild case as shown by Č adež and Kostić [20] , the analytic solution of the geodesic equation in the Morris-Thorne (MT) spacetime is quite straightforward. Starting from the Lagrangian equations for the MT metric, one immediately gets the orbital equation for a geodesic as an elliptic integral of the first kind in standard form. Like in the Schwarzschild case, one has to make a distinction where the null geodesic starts and ends. However, in the MT case, we do not have to deal with complex arguments or modules in the elliptic integrals which definitely simplifies the calculations.
The aim of this article is to derive the exact analytic solution of the geodesic equation in the MT spacetime and to show its relevance for connecting two events with a lightlike geodesic. The most prominent application is the determination of the exact gravitational lens equation, compare Perlick [21] . In contrast to Perlick, we will formulate the lens equation in terms of elliptic integral functions which makes the orbits of the geodesics more transparent. A second application might be the visualization of the MT spacetime from a first-person's point of view. By means of objects in motion or at rest some aspects of the topology and the inner geometry of the spacetime become visible. The importance of visualization to get a better insight of special and general relativity is demonstrated, for example, in [22 -25] . A visualization of the Morris-Thorne wormhole is given by the author [26] . In general, the ray tracing method is used where a null geodesic is traced back in time from the observer to the point of emission to render the view of an observer. But this method is quite time consuming and is not capable of including a correct illumination of the scenario. This limitation can be bypassed with the exact solution of the geodesic equation. Finally, an interactive visualization by means of today's fully programmable graphics processing units (GPUs) becomes possible.
In Sec. II we give a short introduction to the MorrisThorne spacetime and explain the topological structure by means of an embedding diagram. For the initial conditions of the geodesics we take the perspective of a local observer whose reference frame is represented by a local tetrad. This is a more intuitive approach than the use of angular momentum and longitude of periapsis. The main part of this article concerns with the analytic solution of the geodesic equation which will be discussed in Sec. III. As we will see, the orbits of lightlike, timelike, and spacelike geo-desics in the Morris-Thorne spacetime are all equal. As a first application, Sec. IV explains the determination of distance and throat size by means of a flash of light. In Sec. V we show how two arbitrary points can be connected by a lightlike geodesic. This enables us to determine the exact lens equation in Sec. VI. Finally, we can easily show in Sec. VII how wave fronts propagate in the geometric optics approximation.
II. MORRIS-THORNE SPACETIME
The simplest metric representing a wormhole is the one studied by Morris and Thorne [4] 
where t is the global time, l is the proper radial coordinate, b 0 is the shape constant and c is the speed of light [27] . The Morris-Thorne metric is spherically symmetric with surface area A 4b 2 0 l 2 of the hypersurface (t const, l const). In the limit jlj ‫ۋ‬ 1 there are two asymptotically flat regions. The connection between these two regions l 0 is called the throat of the wormhole. While the coordinate l 2 ÿ1; 1 covers the whole spacetime, we could also introduce a Schwarzschild-like radial coordinate r with r 2 b 2 0 l 2 . Because r > b 0 we need two charts to cover the whole spacetime. The MT metric with the new radial coordinate reads
To get a first impression of the wormhole topology, we take advantage of the spherical symmetry and staticity of the metric and consider only the two-dimensional hypersurface h t const; # =2 with inner geometry
The hypersurface h can be embedded as rotational surface z zr; ' into the Euclidean space, which is given in cylindrical coordinates r; '; z,
Comparison of Eq. (3) with Eq. (4) and integration with respect to r leads to the shape of the embedding diagram
as shown in Fig. 1 . The natural local tetrad given with respect to the proper radial coordinate l is given by
where we have used the differential geometric notation @ for vectors in the tangent space. We call the tetrad (6) natural because it is adapted to the coordinates. Because the local tetrad represents the local reference frame of an observer, we can easily describe the initial values for the geodesic equation with respect to this tetrad.
III. GEODESICS
To determine the geodesics in the Morris-Thorne spacetime we use the Lagrangian formalism [28] . Starting with the Lagrangian
where is an affine parameter and x t; r; #; ', we get the geodesic equations from the Euler-Lagrangian equation
Additionally, the Lagrangian has to fulfill the condition
where 0 for lightlike and ÿ1 for timelike geodesics.
Because the Morris-Thorne spacetime is spherically symmetric, it suffices to consider geodesics in the # =2 plane. In proper radial coordinates the Lagrangian reads Embedding diagram of the hypersurface h t const; # =2 into the Euclidean space. The throat of the wormhole is located at coordinate l 0. We will call the region with l > 0 the upper universe and the region with l < 0 the lower universe.
From Eq. (8) there follow two constants of motion k, h with
Inserting k and h into the Lagrangian (10) yields the differential equation for the radial coordinate,
A. Initial conditions
The initial conditions for the Eqs. (11) and (12) are given by the initial position t i ; l i ; ' i and the initial direction y with respect to the local frame, Fig. 2 .
Here, the initial direction y y t e t y l e l y ' e ' is given by y y t e t cose l sine ' (13a)
where c for lightlike and c for timelike geodesics. The velocity v=c is measured with respect to the local frame and 1= 1 ÿ 2 p as usual. The time direction y t follows from the local condition
Thus, the time direction y t c for lightlike and y t c for timelike geodesics. The sign depends on whether the geodesic has to be traced back in time ÿ or should be send to the future . The constants of motion k and h can be expressed by these initial conditions. For lightlike geodesics we have
and for timelike geodesics the constants read
B. Effective potential
The qualitative behavior of a geodesic can be studied using the concept of an effective potential which is well known from classical mechanics [29] . Equation (12) can be rewritten as an energy balance equation,
with effective potential V eff ÿc 2 h 2 =b 2 0 l 2 which is shown in Fig. 3 . Because the effective potential depends mainly on h it can be interpreted as an angular momentum barrier.
A geodesic rests on the same side of the wormhole where it has started if V eff l 0 > k 2 =c 2 . In this case, the geodesic is deflected by the wormhole and reaches its closest approach l min . The point of reversal follows from the condition _ l 0 and it is independent of the type of geodesic,
In the critical case V eff l 0 k 2 =c 2 the geodesic approaches the throat asymptotically. The corresponding critical angle crit is given by
If V eff < k 2 =c 2 and _ l 0 < 0 the geodesic passes the wormhole throat and rests in the other universe.
C. Analytic solution
In the following we give a detailed discussion of the analytic solution of the geodesic equation. While the radial and circular geodesics are trivial, we investigate arbitrary geodesics at great length. So it becomes obvious that one should represent the elliptic integrals by elliptic integral functions.
Radial geodesics
For radial geodesics the Lagrangian (10) simplifies to
From the Euler-Lagrangian equations (8) together with the initial conditions (15) and (16) we can immediately determine the radial geodesics. Thus, from dl=dt c 2 c 2 k 2 =c 2 =k 2 p we obtain
Hence, an object with zero initial velocity, v 0, is static and rests at the initial radial position l i .
Circular geodesics
From the effective potential, Fig. 3 , we immediately see that circular orbits only exist for l 0 and they are unstable. Here, with _ l 0, the Lagrangian reads
and the orbit ' 't follows from d'=dt c 2 h=b
Again, an object with zero initial velocity stays at the initial angular position ' i .
Arbitrary geodesics
In the case of arbitrary geodesics we consider the orbital motion l l'. For that, we have to solve the differential
which follows from Eq. (12) . Transforming to the radial
Note that we have chosen only the positive sign for the coordinate r. In order to still cover the whole spacetime, we need two charts. The first chart represents the region l 0 and the other one represents l < 0. Hence, back substituting from r to l needs a further criterium to decide which chart one has to use. This criterium is given by the initial position l i .
Another substitution, r b 0 =a, with abbreviation
Since the shape constant b 0 > 0 and the initial angle lies in the interval 0; for nonradial geodesics, we have a > 0. With the critical angle crit from (19) it follows:
Thus, because r, b 0 , and a are strictly positive, is also strictly positive. On the other hand, from the balance equation (17) together with the condition _ l 2 0 follows that 1. In the following we will also use the scaled
instead of the parameter . Note that Eq. (27) is independent of . Hence, all geodesics follow the same orbit regardless of whether they are timelike, lightlike, or spacelike. As can be easily shown, this is also true for any spherically symmetric and static spacetime.
Case 1: If a < 1, which means that all geodesics rest in the universe they start from, Eq. (27) leads to the standard form of an elliptic integral of the first kind [30] Z
where the left-hand side is given by the elliptic integral function F , [31]
with F i F i ; a F sin; a and
The sign of Eq. (29) and (30) depends on whether the geodesic is approaching the wormhole (dl < 0, positive sign) or tends to infinity (dl > 0, negative sign). Note that the root in Eq. (29) vanishes for l 0 and l l min . However, the integral remains finite and we only have to split it into two branches. For =2 l f l i we obtain
On the other hand, if > =2, there is only a solution for l f l min . In the case l f > l i , the angle ' is given uniquely by
while if l f < l i there is another angle given by
While l min follows from Eq. (18), the angle of closest approach ' min is
The inverse function of the elliptic integral F is called Jacobi's function sn. Thus, the inverse of Eq. (30) 
Because a < 1, the geodesic stays in the universe it started from and thus the initial position l i uniquely determines the sign of l.
If l ! 1 ! 0, the azimuth angle ' reaches its maximum value at ' ᭠;max F sin; a: < 2 2Ka ÿ F sin; a:
In the special case, =2, Eq. (36) simplifies to
and the Jacobi function cd' cn'=dn'. Here, =2 is valid up to ' Ka =2 K =2 , where K is the complete elliptic integral of the first kind. Case 2: If a > 1, either the geodesic traverses the wormhole throat or it recedes to infinity. In both cases we have to use the inverse value 1=a and the integral in Eq. (29) transforms to
Here, we again have an elliptic integral of the first kind,
Geodesics which tend to infinity, < =2, have an angle
while geodesics approaching the throat but staying at the same side like the observer are given by
If a geodesic traverses the wormhole throat, the angle ' reads
A similar calculation like before leads to the orbital equation
While the receding geodesics end up at a maximum angle
for l ! 1, the approaching ones cross the wormhole throat at an angle
In the limit l ! ÿ1 they reach the angle
Now, the proper radial coordinate l is given by 
and thus,
In that case, a geodesic either starts with the critical angle crit (lower sign) and recedes to infinity or it starts with ÿ crit and approaches the throat asymptotically (upper sign). For ÿ crit the angle ' might grow unlimited, while for crit the maximum angle ' ? max reads
which follows immediately from Eq. (50) with 0.
In Fig. 4 we collocated the function ' 'b, where
is the scaled distance, for all three above mentioned cases. Because b does not distinguish between the upper and lower universe, we restricted to l 0.
Length of a geodesic
The spatial length l of a geodesic follows from the integral over the orbital curve C fl'; ' 0 . . . ' f g,
where
If we use ' as the orbital parameter, the integral reads
Instead of the angle ' we can also parametrize C by ,
For a < 1, the primitive of Eq. (56) reads
with R 1 ÿ 2 1 ÿ a 2 2 p and the elliptic integral of the second kind D. The length of a geodesic with initial angle > =2 and ' f > ' min is given by
with f ' f and i sin, whereas otherwise
If a > 1, the primitive of Eq. (56) reads
The length of a geodesic which recedes to infinity, < crit , is given by
In the opposite case, > ÿ crit , we must distinguish whether we measure the length up to the wormhole throat,
IV. DETERMINATION OF DISTANCE AND THROAT SIZE
Consider an observer who resides in a Morris-Thorne wormhole spacetime. By a single flash of light he can determine the position and the throat size of the wormhole as well as his distance. After emitting the flash he will see a first ring of light which originates from null geodesics orbiting the wormhole once, compare Fig. 5 .
The null geodesic in Fig. 5 reaches its point of closest approach to the wormhole at ' min . Thus, from Eq. (35) we get the implicit equation
which is strongly monotonic and can be solved numerically by a simple Brent method [33] . Measuring the apex angle cone the observer is able to determine the parameter a cone which includes the throat size b 0 and his distance l i , compare Eq. The parameter a cone as well as the throat size b 0 scaled by the time t are shown in Fig. 6 . Note that the angle cone is limited to the interval 0; =2. Measuring cone and t, we can immediately read the throat size b 0 from Fig. 6 . Now, the distance of the observer to the wormhole throat follows from Eq. (26),
The scaled distance b i is given by b i a cone sin cone and is shown in Fig. 7 .
V. CONNECTING TWO POINTS WITH A LIGHTLIKE GEODESIC
Consider any two fixed points P and Q. Because of the spherical symmetry and staticity of the MT metric, one can always orientate a coordinate system such that P and Q will lie in the hypersurface # =2 with P lying on the x-axis, compare Fig. 8 .
Without loss of generality we can choose the coordinates of P and Q to be
To find the initial angle > 0 of the geodesic which connects P and Q in the Morris-Thorne spacetime with fixed throat size b 0 , we have to solve the conditional equation
where 'l i ; follows from ' ᭠ or ' ᭟ , respectively, and the parameters l i , l f , and ' f are fixed. Because of the ambiguity of the Jacobian functions, we solve Eq. (67) 8 . In MT spacetime a coordinate system can always be chosen in such a way that any two points P and Q will lie in the # =2 plane. A geodesic connecting both points has an initial angle with respect to the direction of the wormhole throat. Since there are arbitrary many geodesics connecting both points, the angle is not unique. However, we can eliminate the ambiguity of by fixing the angle ' f .
for
The most simple case is when P and Q lie in opposite universes, l f < 0. Then, the geodesic connecting both points has to pass the wormhole throat at ' ' throat b i , compare Eq. (47). Thus, the conditional Eq. (67) is composed of ' throat b f and ' throat b i ,
and the initial angle reads (18) and (35) . Now, we can determine the conditional equation C 0 for the different regions. If Q is located in region ᭺ 1 or ᭺ 4 , the conditional equation is simply given by
where 2 0; 1. follows from arcsinb i a for Q 2 ᭺ 4 or ÿ arcsinb i a for Q 2 ᭺ 1 , respectively. If Q is located in region ᭺ 3 , we get the equation
and the parameter a can be uniquely found in the range b i ; 1. The most complicated condition arises for Q 2 ᭺ 2 .
As long as l f > l i , the condition is given by
But, if l f < l i , we have to determine whether ' f is less or greater than the angle of closest approach ' min . Since we do not know a, we also do not know the exact angle of closest approach. Instead, we derive the auxiliary anglẽ ' min from the condition l min ! l f ,
Now, we have
compare Eqs. (33) and (34), respectively. The ambiguity between and a is solved by comparing l f to the separating curve l =2 . Thus, if ' f < Ka =2 and l f > l =2 ' f the initial angle is arcsinb i =a and ÿ arcsinb i =a otherwise.
VI. GRAVITATIONAL LENSING
A review of gravitational lensing from a spacetime perspective with a detailed list of references is given by Perlick [18] . In general, gravitational lensing is only investigated in the weak or strong field limit. Here, we follow Perlick [21] and determine the exact lensing equation L; ' 0 for the MT metric with parameters ' and as shown in Fig. 10 . Because of the spherical symmetry of the MT spacetime, we can restrict us to the # =2 plane. Note that, unlike Perlick, we evaluate the arising elliptic integrals and determine the gravitational lensing equation as well as the angular diameter distances by means of elliptic integral functions.
As in the previous section, we have to connect two points by a lightlike geodesic for the lensing equation. While the observer is fixed at position l i , the position of the light source is given by the fixed radius l f and an arbitrary angle '. However, in contrast to the previous section, we do not solve the lensing equation for the initial angle but for the position angle '.
Depending on the position l f , we have to consider three cases. The most simple one is given by l f < 0. For each observation angle represented by sin=b i , we immediately get the angle ' of the source,
Since the null geodesic must pass the wormhole throat, the angle is limited to the range 1 ; ÿ 1 with 1 arcsinb i crit , compare Fig. 11 . If 0 l f < l i , the observation angle has to fulfill the condition l min l f , compare Eq. (18), which means that the closest approach l min of the geodesic must be equal to the distance l f at least. Thus, l min min l f with
For > crit there are two intersections
where the second one is hidden by the first one. On the other hand, if min < < crit , the angle ' is unambiguously given by
compare Fig. 12 . In the limiting case min we obtain
In the third case, the position of the observer is closer to the wormhole than the ring of sources, 0 l i < l f . Depending on the initial angle , the lensing equation ' ' can be determined from the several cases of Sec. III C 3. Thus, if 0 crit , then
In the range crit < =2, we obtain
Finally, if =2 < < ÿ crit , the lensing equation reads
(82) Figure 13 shows three examples of the lensing equation for l f > l i . To calculate image distortion and the brightness of images one has to consider a congruence of null geodesics starting at the observer's position. For that, one has to determine the radial and tangential angular diameter distances D r ang and D t ang as described by Perlick [18] . For the MT spacetime, we obtain 
and 
The derivatives of the elliptic integral functions F and K are shown in the appendix.
VII. WAVE FRONTS
As in the previous sections, we use the geometric optics approximation where light rays follow null geodesics in curved spacetime. Then, a wave front at some coordinate time t w const is defined by the corresponding endpoints of all null geodesics starting from the initial event where the flash of light was emitted. The conditional equation for this wave front is given by
Here, only the position l i of the observer is fixed which is also the point where the flash of light is emitted. For each direction , we can calculate the length l of a geodesic by means of the equations of Sec. III C 4. Figure 14 shows two snapshots of a wave front which has started at time t 0.
The bending of light close to the wormhole throat lets the wave front overlap with itself resulting in caustic points.
VIII. CONCLUDING REMARKS
Numerical libraries like, for example, the Numerical Recipes [19] or the GNU Scientific Library [34] are able to handle elliptic functions as well as Jacobian functions like any other explicit function. Thus, there is no need to numerically integrate the elliptic integrals. In the case of gravitational lensing in the Morris-Thorne spacetime, compare Sec. VI, we only have to evaluate the elliptic functions at the initial and final points which speeds up the calculations. In the more general case of connecting two arbitrary points, we have obtained an easy to solve implicit equation. Now, we are able to find any null geodesic which connects an object with the observer or an arbitrary light source. A physically reasonable illumination as well as an interactive visualization becomes possible.
ACKNOWLEDGMENTS
This work was partly supported by the Deutsche Forschungsgesellschaft (DFG), SFB 382, Teilprojekt D4.
APPENDIX: ELLIPTIC INTEGRALS AND JACOBIAN FUNCTIONS
A detailed discussion of elliptic functions can be found in Ref. [30] . Here, only a short collection of some relations used in the main part of this article is given.
For the three basic Jacobian functions sn, cn, and dn, the following identities hold with k 02 k 2 1. If the module k of a Jacobian function vanishes, then we obtain the limiting functions sn u; 0 sinu; cnu; 0 cosu; dnu; 0 1:
On the other hand, if k 1, the Jacobian functions simplify to sn u; 1 tanhu; cnu; 1 dnu; 1 1 coshu :
If the module k 1, the incomplete elliptic integral of the first kind, F , reduces to 
